Abstract. By means of the recent ψ-Hilfer fractional derivative and of the Banach fixedpoint theorem, we investigate stabilities of Ulam-Hyers, Ulam-Hyers-Rassias and semi-UlamHyers-Rassias on closed intervals [a, b] and [a, ∞) for a particular class of fractional integrodifferential equations.
Introduction
In recent years, the fractional calculus (FC) has received increasing attention in the scientific community and plays a crucial role in several areas, of which we mention: pure and applied mathematics, physics, engineering and medicine, among others, specifically for their importance in theory and applications [1, 2, 5] . In fact, it is important to note that, the large number of definitions of fractional derivatives and integrals that emerged during this period reveals that the researchers proposed to work in this area of knowledge because it continues to expand [3, 4, 5, 6, 7] .
On the other hand, there was considerable growth in the study of the existence and uniqueness of solutions of fractional differential equations and integral equations [14, 17, 18, 19, 20, 21, 22, 23] . In fact, it is possible to note that researches involving the existence of solutions of linear and nonlinear fractional differential equations are object of recent studies [13, 15, 16] .
The investigation of Ulam-Hyers stability and Ulam-Hyers-Rassias stability became the object of research by several mathematicians and the study of this area has become one of the central themes of mathematical analysis. Afterwards, with the wide expansion of the FC, the study of stability by means of fractional derivatives, has attracted the attention of the specialized community [33, 34, 35, 36, 37, 38] . Recently, using the ψ-Hilfer fractional derivative and the Banach fixed-point theorem, a considerable attention was paid to the study of the stability of Ulam-Hyers and Ulam-Hyers-Rassias involving a nonlinear differential integral equation [30, 31, 32] . 1 In addition, Wang et al. [23] discussed stability of fractional differential equations in several works and obtained some new and interesting stability results. Unfortunately, it is important to mention that there are few studies related to the stability of fractional equations of the impulsive type, among which we cite [24, 25, 26, 27, 28, 29] . In this sense, we are working on a research project in which, is directing to the study of Ulam-Hyers stability of impulsive fractional differential equations. Also recent is the book by Benchohra et al. [22] where they address the existence and stability of solutions to problems of initial value and boundary problems for differential and integral functional equations, using the Riemann-Liouville and Caputo fractional derivatives
In this paper, we consider the following class of fractional integro-differential equations
where The paper is organized as follows: Section 2, presents, as preliminaries, the definition of the ψ-Hilfer fractional derivative, fractional integral of Riemann-Liouville with respect to another function and some important theorems, as well as the spaces in which such operators and theorems are defined. Besides that, we present the concepts of Ulam-Hyers, Ulam-HyersRassias and semi-Ulam-Hyers-Rassias stabilities and the Banach fixed-point theorem. In Section 3, our main result, we discuss the Ulam-Hyers, Ulam-Hyers-Rassias and semi-UlamHyers-Rassias stabilities in the interval [a, b] . Also, Ulam-Hyers-Rassias stability in the semi infinite interval [a, ∞) is also discussed. Concluding remarks close the paper.
Preliminaries
In this section we introduce the function spaces in which they are of paramount importance to define the ψ-Riemann-Liouville fractional integral and the ψ-Hilfer fractional derivative. In this sense, we present two important theorems in obtaining the main results. Also, we introduce the concept of stability of Ulam-Hyers and Ulam-Hyers-Rassias and Banach fixed point theorem. |f (x)| .
The weighted space
The weighted space C 
The right-sided fractional integral is defined in an analogous form.
As the aim of this paper is present some types of the stabilities involving a class of fractional integrodifferential equations by means of ψ-Hilfer operator, we introduce this operator.
be two functions such that ψ is increasing and
(·) of a function f of order α and type 0 ≤ β ≤ 1, is defined by
The right-sided ψ−Hilfer fractional derivative is defined in an analogous form. 1 
Proof. See [6] .
We present the concepts of Ulam-Hyers and Ulam-Hyers-Rassias stabilities, both fundamental in the study of the main results of the article. The following Definition 3 and Definition 4, were adapted from paper [10] .
Definition 3. For each function y satisfying
, where θ ≥ 0, there is a solution y 0 of the fractional integro-differential equation and a constant C > 0 independent of y and y 0 such that
, then we say that the integro-differential equation has the Ulam-Hyers stability.
If instead of θ, in Eq.(2.9) and Eq.(2.10), we have a nonnegative function σ defined on [a, b], then we say that the fractional integro-differential equation has the Ulam-Hyers-Rassias stability.
Definition 4.
If for each function y satisfying
, then we say that the fractional integro-differential equation has the so-called semi-Ulam-Hyers-Rassias stability.
Theorem 3. (Banach) Let (X, d) be a generalized complete metric space and T : X → X a strictly contractive operator with Lipschitz constant L < 1. If there exists a nonnegative integer k such that d T k+1 x, T k x < ∞ for some x ∈ X, then the following three propositions hold true:
(1) The sequence (T n x) n∈N converges to a fixed point x * of T ; (2) x * is the unique fixed point of
Proof. See [11] .
Main Results
In this section it will be divided into subsections in which we present the main purpose of this paper. First, we study the stability of Ulam-Hyers, semi-Ulam-Hyers-Rassias and Ulam-Hyers-Rassias in the finite interval, by means of the Bielecki metric. In this sense, we also discuss the stability of Ulam-Hyers-Rassias stability in the infinite range, by means of the metric d b .
3.1. Ulam-Hyers-Rassias stability. In this subsection, we present sufficient conditions to obtain the Ulam-Hyers-Rassias stability of the integro-differential fractional equation where x ∈ [a, b], for some fixed real numbers a and b.
Consider the space of continuously differentiable functions
where σ is a non decreasing continuous function σ :
) is a complete metric space [12] . 
with M > 0 and the kernel K :
This means that under above conditions, the fractional integro-differential equation Eq.(1.1) has the Ulam-Hyers-Rassias stability.
Proof. Applying the fractional integral operator I α;ψ a+ (·) on both sides of the fractional equation Eq.(1.1) and using Theorem 1, we can write 
Using Theorem 2 and the expression
we conclude that, y (x) satisfies initial value problem Eq.(1.1) if, and only if, y (x) satisfies the integral equation
So, consider the operator T :
Note that for any continuous function u, T u is also continuous. In fact,
We will deduce that the operator T is strictly contractive with respect to the metric Eq.(3.1). Indeed, for all,
As M (ξ + Lξ 2 ) < 1 it follows that T is strictly contractive. In this way, we can apply the above mentioned Banach fixed-point theorem which allows us to ensure that we have the Ulam-Hyers-Rassias stability for the fractional integro-differential equation.
In fact, from Eq.(3.5), using fractional integral Eq.(2.6) and Theorem 1, we have
Therefore, having in mind Eq.(3.9) and Eq.(3.2), we conclude that (3.13) |y
Note that,
. 
This means that under the above conditions, the fractional integro-differential equation Eq.(1.1) has the semi-Ulam-Hyers-Rassias stability. 1 AND E. CAPELAS DE OLIVEIRA 1 Proof. The first part of the proof follows the same steps as in the proof of Theorem 2. The main purpose here is to choose a general σ and do as previously done in the metric function d, using the same idea as in Eq.(3.8)-Eq.(3.10), and just take it as a constant in all the remaining places.
Consider the operator T :
and by using the same reasoning an in Eq.(3.9)-Eq.(3.10) we conclude that T is strictly contractive with respect to the metric Eq.(3.1), due to the fact that M (ξ + Lξ 2 ) < 1. Thus, we can again apply the Banach fixed-point theorem, which guarantees us that
Now, by Eq.(3.17), using fractional integral Eq.(2.6) and Theorem 1, we get
Therefore, having in mind Eq.(3.9) and Eq.(3.2), we conclude that (3.23) |y
Using the Eq.(3.21), and having in mind Eq.(2.6) and that σ is a positive non-decreasing function, it follows
Consequently, Eq.(3.19) follows directly from Eq.(3.24) and this led us to the semi-UlamHyers-Rassias stability of the fractional integro-differential equation under study.
Still having in mind that σ is a positive non-decreasing function, and considering an obvious upper bound in Eq.(3.19), we directly obtain from the last result the following Ulam-Hyers stability of the fractional integro-differential equation Eq.(1.1). 
This means that under the above conditions, the fractional integro-differential equation Eq.(1.1) has the Ulam-Hyers stability.
3.3.
Ulam-Hyers-Rassias stability in the infinite interval case. In this section we will discuss the Ulam-Hyers-Rassias stability associated with the fractional integro-differential equation on semi infinite interval [a, ∞) for a fixed a ∈ R.
Consider the fractional integro-differential equation Here, we will use a recurrence procedure due to the result of the corresponding finite interval case. Let us now consider a fixed non-decreasing continuous σ : [a, ∞) → (ε, ω) for some ε, ω > 0 and the space C 1 b [a, ∞) of bounded differentiable functions endowed with the metric
Theorem 6. Let δ : [a, ∞) → [a, ∞) be a continuous delay function with δ (t) ≤ t, for all t ∈ [a, ∞), and σ : [a, ∞) → (ε, ω), for some ε, ω > 0, a non-decreasing continuous function. Suppose that there is ξ ∈ [0, 1] such that
for all x ∈ [a, ∞) . Moreover, suppose that, f : [a, ∞) × C× C× → C is a continuous function satisfying the Lipschitz condition
with M > 0, and the kernel
dτ is a bounded continuous function. In addition, suppose that K satisfies the Lipschitz condition
This means that under the above conditions, the fractional integro-differential equation Eq.(3.29) has the Ulam-Hyers-Rassias stability.
Proof. For any n ∈ N, we will define I n = [a, a + n]. By Theorem 4, there exists a unique bounded differentiable function y 0,n : I n → C such that
for all x ∈ I n . The uniqueness of y 0,n implies that: if x ∈ I n then (3.37) y 0,n (x) = y 0,n+1 (x) = y 0,n+2 (x) = · · ·
For any x ∈ [a, ∞), let us define n (x) = min {n ∈ N; x ∈ I n } and the function y 0 : [a, ∞) → C by
For any x 1 ∈ [a, ∞), let n 1 = n (x 1 ) . Then x 1 ∈ Int I n+1 there exists an ε > 0 such that y 0 (x) = y 0,n+1 (x) for all x ∈ (x 1 − ε, x 1 + ε). By Theorem 4 y 0,n+1 is continuous at x 1 , and so it is y 0 .
Now, we will prove that y 0 satisfies Note that n (τ ) ≤ n (x), for any τ ∈ I n(x) , and it follows from Eq.(3.37) that y 0 (τ ) = y 0,n(τ ) (τ ) = y 0,n(x) (τ ), so, the last equality in Eq. . Now, we will prove the uniqueness of y 0 . Consider another bounded differentiable function y 1 which satisfies Eq.(3.34) and Eq.(3.35), for all x ∈ [a, ∞). By the uniqueness of the solution on I n(x) for any n (x) ∈ N we have y 0| I n(x) = y 0,n(x) and y 1| I n(x) satisfying Eq.(3.34) and Eq.(3.35) for all x ∈ I n(x) and so (3.42) y 0 (x) = y 0| I n(x) = y 1| I n(x) = y 1 . 1 AND E. CAPELAS DE OLIVEIRA It is also possible to obtain proof of Theorem 6, for semi infinite interval of the type (−∞, b] with b ∈ R and (−∞, ∞), just choose the necessary conditions.
Concluding remarks
In this paper, we have shown that, by means of the ψ-Hilfer fractional derivative and the Banach fixed-point theorem, the class of fractional integro-differential equations allows the stability of Ulam-Hyers, Ulam-Hyers-Rassias and semi-Ulam-Hyers-Rassias in the intervals [a, b] and [a, ∞). The investigation of the Ulam-Hyers stability theme in the FC has been growing and other works related to stability with the ψ-Hilfer fractional derivative and other derivatives [8, 9] will be presented in the near future.
